Abstract. This paper discusses the dynamic characteristics of an elastically supported Euler-Bernoulli beam subjected to an initially loaded compressive force and a moving point load. The eccentricity of the axial force is taken into consideration. The timehistories for beam deflection and the dynamic magnification factors are computed by using the Galerkin finite element method and the implicit Newmark method. The effects of decelerated and accelerated motions on the dynamic characteristics are also examined. The influence of the axial force, eccentricity and the moving load parameters on the dynamic characteristics of the beams is investigated and highlighted.
INTRODUCTION
Many structures in practice are subjected to moving loads. Railways, runways, bridges, overhead cranes are typical examples of such structures. Different from other dynamic loads, the position of moving loads varies with time, and this characteristic makes moving load problems a special topic in structural dynamics. Analysis of the moving load problems by using an analytical or a numerical method, thus requires techniques different from that of the conventional dynamic problems.
A large number of researches on moving load problems has been performed. The early and excellent reference is the monograph of Frýba [1] , in which a number of closedform solutions for the moving load problems has been developed by using the Fourier and Laplace transforms. Following the same approach employed by Frýba, in recent years a number of investigations on beams subjected to moving loads has been carried out. AbuHilal et al. investigated the dynamic response of Bernoulli beam with various boundary conditions subjected to an accelerating and decelerating point load [2] , and a harmonic point load [3] .
The elastically supported beams exposed to moving loads play an important role in practice, and the dynamic response of the system has been studied extensively. Employing the Fourier transform, Sun constructed the closed-form solutions for the problems of infinite beam resting on a Winkler foundation under line moving loads and harmonic line loads, [4, 5] . Also using the analytical approach, Kim and his co-worker have incorporated the effect of initially leaded axial force and shear deformation on the vibration behavior of infinite beams resting on elastic foundation subjected to a moving harmonic load, [6, 7] . By the same method, Chen and his co-workers studied the effect of foundation viscosity on the dynamic response of beam under moving load, [8] . It is necessary to note that all the above cited work on the elastically supported beam, the beam length is assumed to be infinite, and this assumption prevents the complexity arose by the boundary conditions.
Though the analytical solutions have been obtained for many problems, for more general analyses numerical methods have to be employed. Although moving load problems require some special consideration, the finite element analysis is still a especially powerful method due to its versatility in the spacial discretization. Hino et al. seem to be the pioneers in using the finite element method in analyzing moving load problems of bridge engineering, [9, 10] . Lin and Trethewey derived the finite element equations for a Bernoulli beam subjected to moving loads induced by arbitrary movement of a spring-mass-damper system, and then solved the obtained governing equation by the Runge-Kutta integration method, [11] . Thambiratnam and Zhuge computed the dynamic deflection of beams on a Winkler elastic foundation subjected to a constant speed moving load by using the planar 2-node traditional Bernoulli beam element and the direct integration method, and then applied the study to investigation of the railway response, [12] . Also using the direct integration method, Chang and Liu studied the non-linear random vibration of beam resting on an elastic foundation under a moving concentrated load, [13] . Andersen et al. described the finite element modelling of infinite Euler beams on Kenvin foundations exposed to moving loads by using the convected co-ordinates, [14] . Wu and Chang investigated the dynamic behavior of a uniform arch under the action of a moving load by deriving an arch element and using the Newmark direct integration method, [15] . Following the standard approach of the finite element analysis and employing the implicit Newmark method in solving governing equations, in recent papers the first author and his co-worker studied the problem of beam resting on a two-parameter elastic foundation subjected to a constant speed moving harmonic load by adopting the Hermite cubic polynomials and the polynomials obtained from the consistent method as interpolation functions, [16, 17] . The influence of the foundation stiffness and moving load parameters on the dynamic deflection of the beam has been investigated in detail in the work.
In this paper, an investigation on the dynamic characteristics of elastically supported beam subjected to a compressive axial force and a moving load is carried out. The moving load considered in this paper is a point load or a harmonic point load with possible type of decelerated and accelerated speed motions. The Galerkin finite element method is employed in derivation of equations of motion, and the implicit Newmark is adopted in computing the dynamic response of the system. Thus, regarding the above cited references, in addition to the Galerkin method employed in deriving the governing equation of an elastically surported beam, some new features are considered in this paper. Firstly, the effect of eccentricity of the axial force is introduced and studied through a dimensionless parameter. Secondly, the influence of the decelerated and accelerated motions on the dynamic response of the system is investigated for both the two cases of travelling point load and harmonic point load. Furthermore, a detail investigation on the combination effect of the excitation frequency and the travelling speed of the moving load, including the resonant phenomenon is carried out.
Following the above introduction, the remainder of this paper is organized as follow: Section 2 constructs the equations of motion in terms of discretized parameters by using the Galerkin finite element method. Section 3 describes the numerical procedures for computing the nodal load vector and solving the governing equations. Based on the constructed equations and described numerical algorithm, a detail investigation on the effects of the compressive axial force and the loading parameters on the dynamic characteristics is carried out in Section 4. Section 5 summarizes the main conclusions of the paper.
GOVERNING EQUATIONS
The problem to be considered herewith is that of transverse vibration of elastically supported pinned-pinned beam subjected to an eccentric compressive force and a moving point load or a moving harmonic point load. The beam is initially loaded by a compressive force P 0 , and acted upon by a harmonic point load f (t) = f 0 cos Ωt, which moves from left to right in a uniform, decelerated or accelerated speed types of motion. With Ω = 0, the moving load resumes to the conventional case of constant magnitude point load. The eccentric compressive load P 0 can be transferred to an axial force P 0 to the center of beam cross-section and a couple M = P 0 e, with e is the eccentricity. A sketch of the problem is depicted in Fig. 1 . The differential equation of motion for an Euler-Bernoulli beam subjected to an axial load and a moving point load is given by
where w(x, t) is transverse deflection of the beam (unit of m); EI is the bending stiffness (Nm 2 ); m = ρA (ρ and A are the mass density and cross-sectional area, respectively) is the mass per unit of beam length (kg/m); k is the stiffness coefficient of the supporting medium (N/m 2 ); x is the space coordinate (m); t is the time (s);ẅ(x, t) = ∂ 2 w/∂t 2 . In the present work, the elastic support is assumed to be modelled by one parameter k, which is in accordance with the classical Winkler model.
The external load p(x, t) in the right hand side of Eq. (1) is defined as
with δ(.) is the Dirac delta function, and s(t) is the function describing the motion of the force f (t) at time t, and given by
where v 0 is the initial speed (speed at the left end of the beam), and a is the constant acceleration of the load p(t). For the case of uniform velocity, a = 0, and the current position of the moving load is simply as s(t) = v 0 t. The beam is assumed initially at rest with initial conditions given by
The boundary conditions contain both the essential and nonessential ones. The essential boundary conditions for the pinned-pinned beam are as follows
The nonessential boundary conditions relate to the prescribed moments and transverse shear forces at the beam ends, which having the forms
where M p , V p are the prescribed moments and shear forces, respectively. For the present problem, V p = 0 at both the beam ends. Following standard procedures of the Galerkin finite element method [18, 19] , let the beam be divided into N E elements of length l. Each element has the assumed displacement fieldw =w(x, t) given byw
where
is the weighted functions; d i is the unknown time functions with nodal values. When Eq. (7) is substituted into Eq. (1), the residual is given by the equation difference. In the Galerkin method, one distributes the residual over the spatial domain by using weighting functions N i and requires that
where V is the beam volume. Eq. (8), known as the Galerkin residual equation, shows that the weighting functions are orthogonal to the residual in the domain V . Then, the Galerkin residual equation for a single element with length of l is given by
With EI = const, applying integration by parts we get
and
The last terms in Eq. (10) are determined by the boundary conditions given by the nonessential boundary conditions defined by Eq. (6). In each element, these terms offset by the boundary conditions of the neighboring elements, so that only the boundary condition at the two ends of the beam are necessary. From Eq. (7) we havė
Substituting Eqs. (7), (10) and (12) into Eq. (9) and assembling elements, we get
with
Eq. (14) has been written in consideration of that the prescribed shear force V p is zero at both the beam ends. The summation in the above expressions and hereafter is understood as the assembly of all elements into the structure by the standard method of the finite element method. Eq. (13) can be written in a familiar form of the finite element analysis
are the mass and stiffness matrices of the beam, respectively;
is the geometric stiffness matrix, resulted from the effect of the initially loaded axial force, and
is the stiffness matrix stemming from the foundation deformation.
SOLUTION PROCEDURES
As seen from Eqs. (15) - (18), in order to compute the nodal load vector as well as the mass and stiffness matrices, we need to introduce expressions for the weighted functions N i . In the the present work, the following Hermite polynomials are employed for this purpose The abscissa x of the weighted function N i in Eq. (19) is measured from the left node of the current loading element, and for a mesh of equal-length elements, this abscissa is computed as (conf. Fig. 2 and Eq. (3))
where n is the number of the element on which the load f (t) is acting, and t is the current time. Having the abscissa x determined, the weighted functions N i are completely known.
It is necessary to note that the travelling load results in a non-zero nodal load vector for the element under loading. In this regards, the first term in the expression of the nodal load vector, Eq. (14), is the consistent load vector, having the form
where the loads and moments at the left and right nodes of the current loading element are given by
where N i | x denotes the expression of weighted function N i evaluated at the current load position, the abscissa x, defined by Eq. (20) . Thus, Eqs. (14), (21) and (22) completely define the nodal load vector of the structure at current time t. The equations of motion (15) can be solved by the implicit Newmark family of methods, which ensures unconditionally numerical stable and has no restriction on the time step size. The average acceleration method is adopted in the present work. The details of the implicit Newmark family of methods as well as the method of choosing time step to ensure the accuracy are described in [18, 20] .
NUMERICAL RESULTS AND DISCUSSIONS
To investigate the dynamic characteristics of the elastically supported beam subjected to an eccentric compressive force and a moving load, the following material and geometric data are adopted:
The above chosen value of the parameter k represents a sandy-clay foundation, [21] . However, in order to determine this parameter for a practical foundation, the standard experimental procedures are necessary to carry out. To examine the effect of the eccentricity, the beam cross section is assumed to be rectangular with height h. The computations are carried out by using 20 elements with length of 0.5 m, and 100 time steps.
Constant speed point load
This subsection investigates the dynamic characteristics of the beam subjected to an initially loaded axial force and a constant speed point load, v = v 0 = const, a = 0. To verify the derived formulations and developed computed code, the time histories for normalized mid-span deflection of the beam without elastic support are computed, and the results are depicted in Fig. 3a . In the figure, w 0 is the static mid-span deflection, and ∆T is the total time needed for the load to move completely from the left end to the right end of the beam; α is the speed parameter, defined as a ratio of the load speed to the critical speed of the unsupported beam, α = v/v cr , with v cr = Lω 1 /π (ω 1 is the first natural frequency of the beam), [22] . It can clearly see from Fig. 3b shows the time histories for normalized mid-span deflection of the elastically supported beam subjected to a moving point load with the same speeds as the case of Fig. 3a . By comparing Fig. 3a and Fig. 3b , some difference in the dynamic response of the unsupported beam and elastically supported beam can be observed. The curves for α = 0.125 and α = 0.25 of the elastically supported beam oscillate more about the static influence line (the dash lines in the figures with α = 0). For example, with α = 0.125 the unsupported beam executes four cycles of the important lowest vibration mode, while the elastically supported beam performs five and half cycles. This phenomenon can be understood as the elastically supported beam is a stiffer system comparing to the unsupported one. As a result, the natural frequency of the supported beam is higher than that of the unsupported beam. For α < 1 the mid-span deflection of the unsupported beam is zero when the load exits the beam, but this is not true for the elastically supported beam. With the speeds under investigation, the mid-span deflection of the elastically supported beam is not zero when the load exits the beam, and it can be positive or negative, depends on the travelling speed. The negative mid-span deflection is possible due to the beam is under vibration. Furthermore, at a give time speed, the maximum response of the elastically supported beam occurs at an earlier time than that of the unsupported beam. Table 1 lists the dynamic magnification factors f D of the elastically supported beam at various values of the travelling load speed and the axial force. In the table and hereafter, the dynamic magnification factor is defined as the ratio of the maximum of the mid-span dynamic deflection to the mid-span static deflection, f D = max(w(L/2, t)/w 0 ); P E = 3.3533 × 10 7 N is the Euler buckling load of the elastically supported beam, which can be obtained by solving the following eigenvalue problem
It is necessary to note that by writing the eigenvalue problem in the form (23), the axial force P 0 in the stiffness matrix K P , Eq. (17), should be omitted It can be seen from Table 1 that with the presence of the axial force, the dynamic magnification factor is more sensitive to the speed of the travelling load. For a higher value of the axial force, the maximum dynamic magnification factor tends to be reached at a lower travelling speed. The phenomena may be resulted from the reduction in the bending stiffness of the beam due to presence of the compressive axial force, as explained in [23] . Furthermore, at a given speed of the travelling load, the maximum response, as seen from Fig. 4 , occurs at a later time when the axial force is larger. In an extraordinary case with P 0 = 0.6P E and v = 120 m/s, the maximum response occurs after the load exits the beam. at the given value of the axial force, the maximum dynamic deflection gradually increases with an increment in the eccentricity, regardless of the travelling speed. Secondly, with the presence of the eccentricity, the curves for the mid-span deflection are no longer smooth, and at some points the sudden change in the dynamic deflection is observed. This effect suggests that the eccentricity plays a similar role as a shock on the dynamic response of the beam. The number of cycles of the lowest vibration mode which the beam executed, as seen from Fig. 5 , is unchanged by the eccentricity, regardless of the travelling speed.
Constant speed harmonic load
This subsection investigates the dynamic characteristics of the elastically supported beam subjected to a compressive force P 0 and and a harmonic load f = f 0 cos(Ωt) travelling with a constant speed v = v 0 = const. The influence of the travelling speed, excitation frequency of the moving load as well as the axial force and eccentricity on the dynamic response of the beam is examined. (rad/s) . Thus, the excitation frequency chosen for the study is well below, considerable above and very near the fundamental frequency. The effect of the excitation frequency and the moving speed on the dynamic characteristics can be observed clearly from the figure. With Ω = 40 rad/s, the maximum response is considerably lower than that obtained for Ω = 10 rad/s and Ω = 25 rad/s, and a higher excitation frequency is, the more cycles of the lowest vibration mode the beam tends to execute, regardless of the moving speed. The resonant effect is clearly observed at the low travelling speed, but this effect is considerably reduced at the high moving speed.
With Ω = 25 rad/s, the dynamic magnification factor is 7.7053 and 2.6222 respectively for the moving speed v = 20 m/s and v = 60 m/s, which is very different. Fig. 7 illustrates the effect of the axial force on the dynamic response of the elastically supported beam subjected to a constant speed harmonic point load for two cases of the excitation frequency, Ω = 10 rad/s and Ω = 40 rad/s. The fundamental frequencies of the system with P 0 /P e = 0, 0.2, 0.4, 0.6 are 28.7643, 25.7275, 22.2807 and 18.1921 rad/s, respectively. Thus, the choosing frequencies for the investigation are well below and considerable above the fundamental frequencies. When the excitation frequency is lower than the fundamental frequency, the dynamic deflection of the beam is considerably increased with the presence of the compressive axial force, and a higher compressive force is, a larger dynamic deflection is (conf . Fig. 7a ). This effect of the compressive force on the structural behavior is similar to the case of quasi-static loading, in which the compressive axial force reduces the bending stiffness of the beam structures as mentioned above, and the beam deflection increases with an increment in the compressive axial force. On the contrary, the presence of the compressive axial force reduces the dynamic deflection of the beam when the excitation frequency is higher than the fundamental frequency. The influence of the moving speed and excitation frequency on the magnification factor is displayed in Fig. 8 . The figure shows a clear resonant effect, especially with the travelling speed v ≤ 30 m/s. Though the higher axial force results in higher magnification factor for the speed v ≤ 40 m/s, the effect of the resonance is remarkable reduced with the high value of the axial force. The numerical results obtained in this subsection show the important role of the moving speed, the excitation frequency and the axial force on the dynamic characteristics of the elastically supported beam subjected to a constant speed harmonic point load. The resonant phenomenon is less important at the high moving load speed, and at the large axial force. Similar to the case of constant speed point load, the dynamic deflection of the elastically supported beam subjected to a constant speed harmonic point load increases with an increment in the eccentricity, regardless of the excitation frequency, Fig. 9 . For higher values of the moving speed and the axial force (not shown herewith), the tendency is the same as the case of v = 20 m/s and P 0 = 0.2P E in Fig. 9 . Thus, in addition to the increment in the dynamic deflection, the eccentricity results in a sudden change in this parameter. No change in the vibration period is observed either with the presence and increment in the eccentricity.
Decelerated and accelerated motions
This subsection studies the influence of decelerated and accelerated motions on the dynamic characteristics of the elastically supported beam. In the decelerated motion, speed of the travelling load at the left end of the beam is assumed to be v, and it is zero at the right end of the beam. For the case of the accelerated motion, the speed at these ends is zero and v, respectively. The time histories and the dynamic magnification factor of the elastically supported beam under these motions are examined. The influence of the decelerated and accelerated motions on dynamic response of the elastically supported beam subjected to a compressive axial force and a moving point load with a travelling speed v = 60 m/s is depicted in Fig. 10 for two values of the axial force P 0 = 0.2P E and P 0 = 0.6P E . The corresponding curves for the beam subjected to a compressive axial force and a moving harmonic point load are shown in Fig. 11 . A noticeable change in the maximum dynamic response of the beam by the motions is observed. The dynamic magnification factor for the curves in Fig. 10a is 1.5583, 1 .4798 and 1.1171 for the uniform, decelerated and accelerated motions, respectively. This factor for the curves in Fig. 10b is 1.7219, 1.6916 and 1.0860 . Thus, for the given speeds, the dynamic magnification factor is slightly changed by the decelerated motion, and remarkably reduced by the accelerated motion. This tendency is similar for the case of the harmonic point load (conf. Fig. 11 ). Furthermore, under decelerated motion the beam subjected to the point load tends to vibrate more than the two other cases. It is noted that the total time necessary for the load completely travelling through the beam in case of the decelerated motion is longer comparing to the case of the uniform motion. The longer travelling time plus the earlier vibration effect due to high speed of the load at the beginning may be the reason of the more numbers of vibration cycles which the beam executed in the the decelerated motions as shown in Fig. 10 . The dynamic response in case of the moving harmonic load is completely different under the accelerated motion: the mid-span deflection of the beam under the decelerated motion is the same direction with that of the uniform motion, while the deflection under the accelerated motion is in an opposite side, regardless of the excitation frequency. To study the effects of the moving load parameters on the dynamic magnification factor, the computation has been performed with various values of the moving speed and the excitation frequency (in case of the moving harmonic load). The travelling speed of the moving point load versus the dynamic magnification factor is depicted in Fig. 12 for two values of the axial force, P 0 = 0.2P E and P 0 = 0.6P E . One can see that at the low speed, the magnification factors in Fig. 12 both increase and decrease with increasing the moving speed v. This phenomenon is associated with the oscillations as discussed above and in [22] . The magnification factor obtained in the uniform speed motion is higher than that of other motion types when v ≤ 85 m/s for P 0 = 0.2P E , and v ≤ 65 m/s for P 0 = 0.6P E . Beyond these speeds, the dynamic magnification factor of uniform speed motion is smaller than that of the decelerated motion, and the difference between these factors is more pronounced at the higher speed. The dynamic magnification factor of the accelerated motion is higher than that of the uniform motion only in case of very high speed, namely v ≥ 165 m/s and v ≥ 115 m/s for P 0 = 0.2P E and P 0 = 0.6P E , respectively. The total travelling time in case of the uniform motion is less than that in case of the decelerated and accelerated motions, and at the high moving speed the total travelling time is too short for the maximum response to occur (Conf. Fig. 3) . As a result, the dynamic factor in the uniform motion obtained in case of the high moving speed is less than that in case of the accelerated motion. These high speeds, however rarely occur in practice, and thus from practical point of view the accelerated motion is less important than the two other cases.
The speed and excitation frequency versus the dynamic magnification factor of the elastically supported beam subjected to a harmonic point load with different types of motion is displayed in Fig. 13 for the case of centric axial force P 0 = 0.2P E . The resonant effect is clearly seen from the figure, and the dynamic magnification factors obtained with Ω = 25 rad/s, which is very near the fundamental frequency is remarkably high, regardless of the motion types. The maximum magnification factor obtained in the decelerated motion is slightly higher than that of the accelerated motion. The effect of the resonance is more serious at the low speed, and it is less important for the high speed. For Ω = 25 rad/s, the magnification factor obtained in case of the decelerated motion at speed v = 100 m/s is 2.3951, which is much lower that 13.2897 at speed v = 10 m/s. For the accelerated motion, this factor is 12.6140 and 1.9459 for v = 100 m/s and v = 10 m/s, respectively. Fig. 14 shows the moving speed versus the dynamic response of the elastically supported beam subjected to a moving point load with different motions and eccentricities. In the decelerated motion, the dependence of the magnification factor on the moving speed is similar to that of the centric beam, and the factor is higher for a larger eccentricity. The effect of the eccentricity on the magnification factor in the accelerated motion is very different. For the speed v ≤ 130 m/s, the factor both increases and decreases with increasing the moving speed, and this phenomenon may be caused by the oscillation of the beam in the accelerated motion at this speed. The influence of the excitation frequency frequency and eccentricity on the magnification factor of the beam exposed to a harmonic point load (not shown herewith) is more complex, and it is governed by the excitation frequency.
CONCLUDING REMARKS
The paper investigated the dynamic characteristics of elastically supported beam subjected to an eccentric compressive axial force and a moving point load. The equations of motion for the system have been constructed by using the Galerkin finite element method. The time histories for normalized mid-span deflection and the dynamic magnification factor have been computed by using the implicit Newmark method. The effects of the loading parameters and the axial force, including the eccentricity on the dynamic characteristics of the beam have been investigated in detail. Some main conclusions of the paper are as follows.
-The maximum dynamic response of the elastically supported beam under a constant speed point load occurs at a lower moving speed with the presence of the axial force. At a given moving speed, a higher axial force is, a later time the maximum response occurs.
-The effect of the axial force on the dynamic characteristics of the elastically supported beam subjected to a moving harmonic load is governed by the excitation frequency. When the excitation frequency is lower than the fundamental frequency, an increment in the axial force leads to an increment in the maximum dynamic deflection. In contrast, when the excitation frequency is higher than the fundamental frequency, a reduction in maximum dynamic response is observed by increasing in the axial force.
-Resonant effect of the beam exposed to a harmonic load depends on the moving speed and the axial force amplitude. This effect is less important at the high values of the moving speed and the axial force.
-An increment in the eccentricity results in an increment in the maximum dynamic response for both the cases of the constant speed point load and the constant speed harmonic load.
-The influence of the decelerated and accelerated motions on the dynamic magnification factor of the beam subjected to a moving point load depends on the moving speed. In practice, the magnification factor of the accelerated motion is usually smaller than that of the two remaining motions.
-The effect of the resonance on the magnification factor is slightly changed in the decelerated motion, but it is remarkably reduced in accelerated motion. The effect is less important at the high moving speed.
-In the decelerated motion, the magnification factor of the beam subjected to a point load increases with increasing eccentricity as in case of centric axial force. In the accelerated motion, this factor is different from that of the centric axial load.
